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combustion ramjet are studied., The turbulence generated by coaxial and normal jet fuel
injection is studled by analyzing a control volume in which fuel and air are mixed. 7These two
modes of fuel injection are examined for various initial conditions in order to compare their
respective characteristics al determine the design advantages of each mode.

. The results of this analyss show that large turbulence energies ean he generated, much
larger thaa the energy added ty the jet. Thus one draws a mental picture of the fuel jet
exciting the flow into a turbulent state. This turbulence energy if frozen into the flow causes
losses in thiuzt and specific impulse, These losses are calculated as flight speed varies for
both mdes of fuel injection. A universai plot for a diatomic gas ¥ = 1.4 was determined for
which specific impnlse losses are found to be a function of relative turtulence intensity and
fiight speed. These losses are large but not catastrophic as previously reported by Dr. Jamesy
Switheabank of the University of Sheffield, England.

Experimental results from a compressitie turbilent siwear flow experimeat, the decay of
a superscoic free jet, haviog important theoretical implicatiozs and are used in formulating 2
new theoretical model for turbulent shear fiow, A basic relationship tetween the local "eddy
viscnsity and the square root of the local turbulent kinctic energy has been found for in-
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A fuel injector <'esigned to maximize the turbulent kinetic energy was tested to
verify the existing o ixing rate correlations. This fuel injector, a normnal jet, of high
Mach aumber and re stangular cross section exhibited slightly larger penetration
distances than predi-ted by a recent correlation developed by Povinelli at the NASA
Lewis Flight Propul-ion Laboratory. The mixing rate, as medsured by decay of the
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ramjet engines.
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FOREWORD

This report is based on dissertation previously submitted by the author to
The Chio State University in partial fulfiliment of the reguirements for the degree
of Doctor of Philosophy. Only those changes necsgsary to male tne thesis meet
the requirements of an AFAPL Technical Report bave been made. The work was
accomplisbed at the Air Force Aero Propulsion Laboratory as part of Project
3012, "Special Ramijets.” This report was submitted by the suthor 11 March
1971,

This technical report has been reviewed and is approved.
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ABSTRACT

The turbulence phenomena associated with the mixing of fiel and air in a
supersoaic combustion ramjet are studied. The turbulence generated by coaxial
and normal jet fuel injection is studied by analyzing a control volume in which
fuel and air are mixed. These twu modes of fuel injection sre examine? for
various initial conditions in order to compare their recpective characteristics
and «determine the design advantages cf each mode,

The results of this analysis show that large turbulence energies can be
gencrated, much larger than the energy addad by the jet. Thus one draws a
memtal picture of the fuel jet exciting tha flow into a turbulent state. This
turbalence energy if frozen into the flow causes losses in thrust and specific
impulss., These losses are calculated ¢ s flight speed varies for both medes of
fuel injection, A universal plot for 4 dia omic gas y'= 1.4 was determined for
which specific impulse losses are found to bz a functicn of relative {urbulence
intensity and flight speed. These lasses are large bat not ¢atastropic as
previously reported by Dr. James Swithenbank of the University of Sheffield,
Englaad.

Expecimental results from a compressible turbulent shear flow experimeit,
the decay of a supersonic free jet, have important theoretical implicaiions and
are used in formulating a new theoretical model for turbulent shear Qow., A
basic relationship betweet the local "eddy viscosity" and the square root of tte
local turbulent kinetic energy has been found for incompressible and supersorde
jets. This result plus a correlation of the turbulent energy dissipation rate
allows the formulation of a turbulent flow model that includes czlculaticn of the
turtulent kinetic energy field as well as the mean velocity, meau temperature,

and mean concentration fields.

A fuel injector designed to maximize the tu~bulent kinel.. energy was tested
to verify the existing mixing rate correlstions. This fuel injoctor, 2 naormal
jet, of high Mach number and rectangular cross section exhibited slightly larger
penetration disrunces than predicted by a recent correlation developed by
Povinelii at the NASA Lewis Flight Propulsion Laboratory. Tke mnixiug rate,
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as measured by decay of the maximum concentration, was nearly au order of
magnitude faster than predicted by the correlation due to Henry ai the NACA
Langley Research Center. Further, it is postulated that the mixing length of
this injector may be independent of initial conditions. The recults of this study
are directly applicable to the design of supersonic combustion ramjet engines.
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2 SYMBOLS )
A arca

] Ag baffle cross sectional area j]

i A, cross sectional area at exit of nozzle 3,
Ag cross sectional area of fuel at injection station §

i Ap constant in pressure polyncmial g

A, cross sectional area of air flow at station 1 E;J

: A, cross sectien area at station 2 g

Ay cro3s section area at station 3 %

Ag coefficient of fifth order term ir pressure polynomial i:-;i

Ay coefficient ~7 t2nth order term in pressure polynomial Zf

A ccfficient of twelfth order term in pressure polynomial %

. R nondimensional area %f

| e “viscosity”" in transformed equations i%;

8g geometrical blockage of flame holder :f:;

b width of mixing zone in Prandtl eddy viscosity formula %

Cp drag coefficient ?-2

C¢ friction coefficient E

Ch Stanton number, nondimensional heat transfer coefficieat

? Cp specific neat at constant pressure E

Ep tizne average specific beat

i D drag E

: De effective giffusion coeffient :
Dett diameter of 2 circle of cross sectional area Af

: O¢ mass flow function at injection plane

f Yot 2 - (1)

( Op =My it — Mgy 20r-0 :
SI x :

i
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SYMBOLS (Contd)

Pt e das
Jih

iy
ey

jet diameter

g

& riniy Ty
FLE VT TRy

mass tlow {unction at statfon 1

R
3
+

g N e
WL A '+
e h
1
-

-
-
[\
-~
TN

IR

d digsipation of turbulent kinetic energy by molecular viscous shear
forces

de effective rate of conversion of kinctic energy into thermal energy

R
Ay _qrﬁ ke "F‘, s Eri
BT il ) bk 'S bt 4L PN FR P4

dy dissipation rate of turbulence kinetic energy

Sy

4 Iindid

es specific internal energy of jet fluid st injection station

g

specific internal energy of air at station 1 )

B il Jibsian % “iy'v.

e, specific internal energy of mixture at station 2

St

specific Internal energy of mixture at station 3

s
+-
w

i

- wait vectors for (Xl' X, Xg) coordinates

£

e, @
gl gy Rl ors

i
bl s it g

stream thrust

-n

- Fe stream thrust at nozzle exit

Fy :{l component of stream thrust
¢

stream thrust at station 1

@

T R I et
,

ks
n

il £
; 3
Crshe

E stream thrust at station 2

g

}\
F nondimenstonsl siream thiust 'F'}A_'
'

bt milienne

F
= 2
7, nondimensional stream thrust %

1

—_— fuel air ratio

H total enthalpy

xi

H
3
:
z
§§
=
£
£
%
£
=
E
k-
§
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SYMBOLS (Contd)

adiabatic wa!l enthalpy

gas enthalpy at wall

time averaged total enthalpy

specific enthalpy

specific enthalpy of turbuleace

time averaged specific enthalpy
fluctuating specific enthalpy
fluctuating enthalpy of air in i-th eddy
fluctuating enthalpy of fuel in i-th eddy
identity tensor

turbulent kinetic energy per unit mass
molecular thermal conductivity
effective thermal conductivity

time average conductivity

dissipation scale of “urbulence
effective Lewis number

Lewis numper for turbulent diffusion of K
length of eddy

mixing length of turbhulence in eddy wiscocity law
Mach number at nozzle exit

Mach number of frel at injection plane
Mach number of air at station 1
molecular weight of air

molecular weight of fuel

xii

AT

A L e BB e A i A CORSE A

o

]
%mm&m



:’Lu\

z AFAPL-TR-71-18 §
SYMBOLS (Contd) g
m normal coordinate mesn indice for numzrical analysis of differential ”S'
equations 3
El
2
% mass flow rate 2
: a downstream mesh irdice for numerical analysis of differential 3
equatiions g
§ n number of eddies crossing station 2 per unit time through area le f
*
fq nuraber of eddies containing air 3
n¢ number of eddies containtng fuel ?;
£
ry outer normal unit vector to suriace element %‘g

'.'7.‘! outer normal to control volume at station 1
e outer normal to control volume at station 2 ffg
£
p static pressure %
5
PT turbulence static pressure 2
=
P, effective Prandtl number %
Po static pressure outride mixing zone g

P total pressurs

: 0 E
; Pog total pressure of fuel at injection station 3
i Po total pressure of air at station 1 %
{ ! 2
% F' statip pressure at station 1 é
i time ov: rage static pressure i
By time avera ; total pressure g
i Po. time average total pressure in turbulent flow with frozen 5
5 l turbulence energy 2
é 7, mean static pressure at station 3 2
§ ay dynamic pressure of fue] at injection plans %
§ 3
o =
: xdii _q

St
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SYMBOLS (Contd)

dynamic pressure cf air at station 1

heat flux vector

turbulent heat flux vector

specific gas constant

radial coordinate in cylindrical polar coordinates
surface of integration

effective Schmidt number

static temperature

time period for time averaging

Eulerian integral timz scale of turbulence
turbulence teniperature

efective total temperature in frozen turbulent flow

total temperature
integration time for i-th eddy

—
X, coordinate velocity of U

1
r coordinate velocity in eylindrical polar coordinates

velocity of i-th eddy

air velocity at station 1

average velocity at station 2

average vezoclly at station =

time average of velocity

fluctuating velocity

root mean square turbulence velocity

fluctuating velocity of i~th eddy
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SYMBOLS (Contd}

T vector velocity (U, V, W)
v vcolumre of integration
v X2 coordinate velceity
v ‘9 coor linate velocity in cvlindrical polar ccordinates
v mags average velocity
v’ fiuctuating component of velocity V
w X3 coordinate velocity
w z coordinate velocity in cylindrical polar coordinates
Wnox largest value of W at a given station
W time averae velocity in cylindrical polar coordinates
) w' fluctuating component of velocity W
3 X variable of polynomial
X0 last distance from norma! injector for which concentration was

100%

X, X2, X3 rectangular coordinates

R SRS ¢ S e B A S e S A B 8 e e N R S D S AR A SO ISR e G Sh A

Y¢ mass fraction of fuel in mixture
Y; mass fraction of species i
v time average mass fraction of species i
Yo penetration height based on zero concentration point
‘ § Y, mass fraction of air in mixture
V ; - transformed str-amwise ceordinate
3 % z streamwise coordinate
g GREEK SYMBOLS
- g y ratio of specific heat
‘ € momentum parameter, 1 for coaxial mixing, 0 for normsal

injection
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GREEK SYMBOLS (Contd)

€ eddy viscosity

€p eddy mass diffusion coeificient

€7 eddy thermal diffusion coefficient

€K eddy difussion coefficient for turtulent energy
7 nondimensicnal parameter 7 = 7:__ _g‘_:l.
6 nondimensional total enthalpy %f;"

1

A integral scale of turbulence

I molecular viscosity coefficient

s time average viscosity

He effective viscosity coefficient

7% 5 turbulent viscosity coefficient

P density

Py density of air

P, density of air at station 1

Po; fluctuating density of air in i-th eddy

7 time average air deasity

Ps deusity of fuel

’é, time average fuel density

Ps, density of fuel at station 1

P f, density of fuel in 1~th eddy

':’fi fl. -.uating density of fuel in i-th eddy
P“i density of air in i-th eddy

T stress tensor due to molecular transport of momentum
s shear part of stress tensor
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GREEK SYMBOLS {Contd)
T turbulem stress tensor
?—‘r . shear part of turbulent stress {ensor
S
=5 shear siress tensor of turbulent velocity fluctuatioa.
S

¢ nondimensional enthalpy

) represents any variable

¥ transformed radial coordinate in Von Mises plane
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PREFACE

The prediction of turbulent mixing rates has always heen sne of the darkest
secrets in the black art of propulsion. Because of its importance and lack of
understanding of its mechanism this phenomenon hes been restudied, A new
formulation is developed in this dissertation based on new data obtained from a
simple turbwent shear flow, the supersonic free jet. This formulation grew
from the need to explain the static pressure defect, measured on the centerline
of the free jet extending {rom the end of the potential core downstream to the
last mcasurement station. This defect was measured for all initial Mach
numbers, total pressures, and total temperatures tested in the laboratory.
This pressure defect is so large, in the high Mach number region of the jet,
that it must be included in the dynamic of the flow. This staric pressure defect
is now believed tc be a direct measurement »f the radial component of the
Reynolds stresses at that point in the flow.
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SECTION I
INTHRODUCTION

BACKGROUND

The deveiopment of the supersonic combustion ramjet engine for hypersonic
flight propulsion has necessitated much research on the processes of fuel
injection and mixing because of their great influence on engine performance and
Incomnlete mixing is obviously undesirable sirnce unmixed fuel canunot
Long mixing lengths not only increase engine weight and cooling
Thereiore, rapid mixing is desirable.

injection mode strongly governs total pressure losses due to mixing so that total
The mixing flow field in

be burned,
requireraents but also drag,

engine performance may be reduced greatly by mixing,
the supersonic combkustion ramjet is highly turbulent and thus mixing rates ave
determiuned by the turbulent transport of mass and momentum rather than
molecular transport. Turbulest transport results from the time correlation of
the unsteady velocity and concentration fluctuations in the flow field,
turbulence kinetic energy produced by mixing can be a large fraction of the

In recent publications (References 1 and 2), Swithenbunk
has calculated the turbulence generated by coaxial injection of fuel in the

His analysis shows that large losses may be incurred by the

He also shows that this loss

stream total energy.

combustor.
turbulence energy productica due to mixing.
increases with flight speed, and that it ultimately becomes the primary factor
limiting the top speed of the supersonic combination ramjet.
Swithenbank's results are open to criticism since his analysis is based mainly
on intuitive lormula rather than rigorous theoretival development.
experiuvtental and analytical studies of gaseous mixing have bean used for engine
Thz most extersive work has been directed at the coaxial jet.

loying many eddy viscosity models have been developed.

The validity of

{
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Analytinai miodels

‘The correct formulation of an eddy viscosity has been of prime importance
The eddy viscosity mcdels developed in this country are
geverally minor madifications of the Prandtl velocity defect formula.
formulas relate the eddy viscosity to the mean flow velocity, however, rather
This appears t« be a basic limitation to
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these formulations and the number of models developed attests to the lack of
confidence in their general applicability., ‘This Jack of confidence stems from
the fact that no fundamental theory exists to explain thesc models; however, an
attempt to formulate a uniform model bas been proposed hy Shetz (Reference 3).
Recently, a new approach has been propesed by Bradshaw and Ferriss
(Reference 4) which does away with the eddy viscosity concept and relates the
turbulent shear stress directly to the turbulent kinetic energy. This method
has been extended to coaxial mixing at low subsonic Mach numbers by Lec and
Harsha (Reference ). This method has the disadvantage that turbuent shear
stress can only be zero when the turbulent kinetic energy is zero unless ad hoe
assumptions are used to avoid this difficulty. In addition this model appears to
reverse the roles of shear stress and energy in the dyaantics of the generation
of turbulence,

Normal fuel injection has also been investigated extensively and mathematical

models for penetration have bezn developed (Reference 6); however, no
analytical solutions of the mixing prohlem have been obtained due to the
mathematical complexity of the three dimensionul flow field. An important
correlation of mixing rate for normel jets at various initial conditions has been
obtained by Henvy (Reference 7). Development of practical mixing systems
depends primarily on empirical results for hoth coaxial and normal injection.
These two modes of injection involve very didferent mixing characteristics and
pressure losses, Figure 1 in the appendix shows the structure of turbulence
obtained by a spark Schiieren phetograpa. The highly turbulent region in the
center of the photograph is the turbulence generated by the shear fow of a
supersonic free jet., It is evident that any theoretical calculation of turbulent
flows shioald include a calculation of the turbulent energy field also; this will be
the main effort of this dissertation.

1.2 PURPOSE

The purpose of this dissertation is to investigate the influence of the initial
conditions in supersonic combustors on total pressure loss, the production of
turbulence awl performance loss, and then to determine the basic relationship

between turbulent kinetic energy and turbulent transport rates.
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SECTION II

THEORETICAL RELATIONSHIPS FOR TURBULENCE
PRODUCTION AND PERFORMANCE LOSSES

2.1 DISCUSSION

‘The purpose of this section is to rigorously formulate the mathematical
analyvsis is order to first, calcuiate the maximum turbulent kinetic energy
produced in a given mixing flow, and, second, to calculate the effect of this
turbulence on the performance of the supersouic ramjet engine.

This analysis is formulated for both the ¢ axial and normal fuel injection
mode 50 that the importance of geometric boundary conditions can be assessed.,
The calculations are also done for incompressible and compressible flow so that
the effects: of compressiollity can be determined as weil as the effects of the
dynamic initial conditions; Mach number, molecular weight, total temperature,
and toial pressure. Tihc total pressure 1ssses will be studied to determine if
turtulence intensity can be varied independently of total pressure loss., The
thecretical results of this section arz then used to determine the single element
injector design with the highest turbulence intensity.

2.2 ANALYSIS OF INTERNAL FLOW

The production entropy can occur by reversible and irreversible processes.
The irreversible processes are caused by gradients of concentration and
velocity driving the molecular transport of mass, energy, and momentum. We
will assurne that this entropy production is the result of mixing and the
dissipation of turbulent energy., ‘Thus we can calculate the total turbulence
intensity produced in a given flew by counsidering flows withcut entropy change.

The cne-dimensional or integral equations of motion for turhulent flow can
be easily developed by foliowing the procedure of defining the instantaneous fieid
variables to be the sum of the time mean and fluctuating part aad integratiug the
equations of motion, This integration defires the anpronriate averaze vadve at

any streamwise location,
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Since this integration is both a time and space integration, the equations are
mean conser vation equations and they include the Reynoids atresses.

Sfation Station
{ 2

Shetch 1, Control Volume for Constant Area Mixing

The countinuity equation is
- e
98 av+[ PU-nds =0 ()
v ot s
The first term represenis the accumulation in volume V houndec by surface S,
The scecond term is the net mass flux through the boundary surface, Time

averaging the above equation yielda:

2. -prat]av +f[«‘-fpﬁ'm].‘d’ds=o (2)
) 3
‘\C ot [T T s Ty
Since we have specified a flow which is statistically steady in time,
d 1 .
¥y (?T—L Pd?) <0 (3)

by definition and this result can be generalized to any function ¢ as well as p,
The mass flux term can be used to define a new integration variahle

L)

-~ - dm
«%Lﬁqu'n! = (4)

The siga is determined by the product T where T is the outer normal to the

boundary surface S. The continuity equation then becomes
[am=o0 (5)
S

For a mixing problem as shown in Sketch 1, the equation reduces to

m, = n':‘ + r‘nf {6)

Note that continuity has not defined an average velocity.
4
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The momentun: integral equation is

f—a— PuUdv +f(P'G'ﬁ~r“ hdS = 0 (7)
at s

\'
where T is the stress tensor defined such that 7 .1 is the torce per unit area
acting externally on the boundary surface S and the sign is determined by the
coordinate sysiem positive direction; thus the normal force in the boundary at
station 1 is positive and at station 2 is negative. Normally T is written as the

sum of a normal stress and shear stress
T:-pT + 74 (8i

Proceeding to time average the momentum equation, the fivst term of Equation 7
vanishes if we define

¢ ={pu) (S}

in Equation 3. Fron: this poiat we will considey the Xl (streamwise); cnordinale
only, uoting that according to Sketch 1 the outer normal ?\'1 is negative and 'ﬁz is
positive, Consider the momentum flux,

(it aw) z(«%-fi?:p'ﬁ:)m ) (10}
T T

Equation 10 can be wriiten as the sum of two terms, the mean moementum

flux and the negative of the normal Reynolds stress

-L TR % "‘lﬁdﬁ - =I*
(TIPUUnoQ} = U <5 t7, n)x {10
T X, 1
Since by definition
'?TE-%I(Pﬁ)'B' at (12)
T

The time average velocity U at a point has been defined Ly the momentusy flux.
The fluid particle has only theee degrees of freedom at a given point, However,
by time averaging the equation of motion, there are alzo effectively 3 internal
degreee of freedom, These degrees of freedom, if excited, contribute to tha
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mean fow momentun and energy. The mean density at a poin® is defined as
fol’ows:

T

P =

cllé’[

thus the average transverse velocity becomes

- PV 1
V=°£—:=-f'det
P T

Averaging Equation 7 yields

{f -%f(P'GU-?)? dt as] =f U dfn-—f [(’r’T+'~Eﬁ] as (13
S T X. m S X.

Equation 13 can now be integrated using the boundary condition that ?T = 0ona

solid houmdary. There may also be area changes between station 1 and station 2

on which the normal stresses will produce either a thrust or drag (T-D).

The integrated shear stresses will be expressed by a friction coefficient
and an effective L/ p- The result is

ettt RN, o o

e Uy +(P, +(BUIUY, A iy T, +(F +HPADYU'), A,
+mg Us +(P +(PUFU° ) Ag

- Ld?
+{7-D) 40, 5 A 3 %
The velocity in this equation has been time averaged and then mass flux
averaged and thereby the mean total momentum flux has been defined. The

pressure und normal Reynolds stress have been averaged over the cross

’Gf) 114}

B AAOS BES H

sectional area normal to the x1 coordinate,

Note that turbulence shows up in the momentum equation and contributes
to the stream thrust. Finally the energy equation in integral form must be

time averaged
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a B -~ »n %
——{PH)YAVE| PUN- =f (6T 0 H
j;a' j; UN- 5 ds fs(o TMh s i
: + L a0 ds
4 of 22 gy (15)
5 v Ot
% Now by time averaging, terms 1 and 5 of Equation 15 will vanish and the viscous ) ;
“ work term 3 is negligible. The fourth term is the nes heat flux which is E
assumed to be due to conduction at the wall, The second term wiil need :
3 expansion. g
b * By definition of meau and fluctuating quantities é
, - 'G .'6 - - - 2 2 2 3

S Heb 40 + —— 4+UU +V V +Ww'4 ( 4 Wa'ﬂ” ) (16)
’ and ;
- (17} ::
then the integrand of term 2 becomes ;
PUH= (PTrn +PI 4P Y 4 (PITY
_— —_— — $2 L R 2 )
+HETIVV' +PT twWW' +(Pu)(u-§—i—!'-—)

+P5Y B+ U +1P0) S 400) o'

{18)

PRV T RRT R * ST

uFevE 4wt )

+(PU' V' THPUN WW +(p0Y ( 5

s time averaging the above expression gives "
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f =  =_ = §.B
e i PUH = PUN + PU —= 3
5 — 4
a2 : MR
: = v vihw b
E : n + PU{ 2 (1) Z
: m + (PUY o :
X +(PUY) (P__tl_t_!__ ) 3
The turbulence terms in the equation have the following significance: :
I. The work of the Reynolds stresses on the meaan flow
L. The convection of the turbulence kinetic energy 3
3
IfI. The diffusion of specific enthalpy
1V. Diffusion of the turbulence kinetic energy
The equation can be simplified by defining the turbulent stress tensor to be the T;E
sum of a hydrostatic part and a shear stress. The turbulerce pressure is
defined to be (for incompressible flow}
§
Pr = -;- (v Eiw® (20}
: quation 19 can be simplified to read :
Y = a = = E
% PUH = PUH +q; -u-r.rs (21
7 where H and g are defined to be
==
- - . P 2 2 :
moehe by Ty LVo TN (22}
2 p 2 i
and "
. ,z 't -g:
T, = PT N 1P (ﬁ——w——») (23) 5
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The time average of Equation 15 row reads

_—z—- > aa = o
J;,QUH n dSs -};U-(f.rsi' Tgln dS

Wimmmmfm:mwmmmwm'm:u#4ﬁ:ﬂmmmmm.»n:wmmmmmﬁmmmw

o frnes
+ fs ~(a, +a}-n (24)
This equation is now integrated over the control volume to give the energy
equation
- T P 2, 12, urt
. Uplba . 1o U "+V " +W
m, {n 2 + 5 T B ) +( 3 )
- = 2 12 2 g
. v, , P, v w’ ;
sy (B ety 2 22N ) z
__ _- A i
TART] 2, R, od 3
;e O B utivEew? :
+ g (Ry + — tat z ) E
3 - L 3
E +Cp PU, {Hy~Hay )45 A, (25) E
¢ k-
ot From Equation 22 a turbulence entbalpy can be defined %
. P 2,2 1 S
e | T U 4w 3
e he 2= + {26) )
T »p 2 3
) E]
§ {t is also useful at this point to introduce the concept of a surbulence temperature f
: such that an equation of state exists for turbuleoce 2
fe - i
Py = PRTy (27) :
- Thus a useful expression for the turbulence enthalpy is z
ig
:
% hy = 5 RTT {2 8) §
4 These equations reinforce the idea that turbulence is an extra internal %
] degree of freedom for the fluid. For thir- degree of freedom the thermodynamic %
properties correspond to those of a monatomic gas. ‘Turbulence contributes to §
- the thermodynamics of the flow but with a separate temperature from the gas. ;%
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This analysis is completely general at this point. To proceed several
assumptions are needed. Fov incompressible flow the conservation of volume
flow rate is assumed. First let us calculate the turbulence produced by a baffie
or flame holder in a constant area pipe. The details are given to present the
method of aolution and expiore this basic mecnanism of producing turbulence.

i L
: ’ﬁ—"——.—f/__:_/:;.‘ :..~/- L]
=—> bzzodd — . | —> Turbulant
Y, E R ~= U, State
|
[

Sketch 2. Control Volume for Flow Over Flame Holder

The conservation equaticns are:

Incompressibility
Momentum
h Uyt (5, +Pr Ay i U, + Bl A, =D (30)
Energy
mH, =m H, (31)
where
- P u?
ﬂ=’c"+-P—+hT+—-2—" {32}

Assuming that no dissipation of turbulent kinetic energy has occurred, the
internal energy is constant, Thus with Equation 29 the energy equation yields

hT = P' -P2 (33)
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The pressure drop can be found from the momentum equation. Following
Swithenbank (Reference 2) we let

Ag
Bg * 2 {34)
and
p: 4 pul
where g,
] 3 ———— (36)

max I—8g

Then Equation 30 becomes upon substitution of Equation 29, 54, 35, and 36

2
— = c -2 B
P, =P -F ——2L,5° 2 _ (37)

Te -2 g 27 (1-g)?
Thus combining Equation 37 and 33 we find

—3 C J g
LA t +D mux
PT 3 U Bg ( U, l) (38)

or we can write the turbulence inteunsity as

U ¢t SoBg . %
1) (3 (I-B,)‘) (39)

We can also determine the mean static pressure arop
e

P -B - f—(%ﬂﬁz)—(%;‘;-)-{ (40)
These formulas Equations 39 and 40 are not the same as Swithenbank (Reference
2) presents for this problem. Comparing specifig cases we find for Bg = 0.25
and CD = 0.4 that Swithenbauk's formulas overestimate the turbulence kinetic
energy by nearly a factor of three. Thisg analysis shows that turbulence is
produced by a velocity difference squiared while it might be thoujsht that
turbulence would be a function of the differences of kinetic cnersy.

2.3 COMPARISON OF NORMAL AND COAXIAL FUEL INJECTION

Next we will look at two mixing problems (Sketches 3 and 4}.
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Sketch 3. Control Volume for Coaxial Mixing
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Sketch 4.  Control Volume for Normal Jet Mixing

Thesge are two practical configurations for supersonic mixirg as wzll as the
subsonic incompressible case. It is of interest to compare thesc two to
determine vhe effects of geometry and jel velocity on the turbulence intensity

and total pressure.
2.3.a. Coaxial Injection

Assuming the fluids are incompressihle yields

Assumitg no dissipation of turbulent energy

s p 2 W 4 X dair " i L gt ) . tatst i
LRI A .4M@Mummmwmmwmmmmm;ummmmwmﬁmamumw;mw: N e L N Ty

& =Y, 1§, + Ygey (42)
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B ¥ where ?
. : f, | My o
?z; Yy @ hy Y¢ = Y (43) ) gﬂ
* 3 and . .
o R
¢ My
the momentum equation for coaxial mixing is ‘
3 g Uy + (P +Priag = i, U+ ing Uy +7 (4, +4,) (44)
The energy equatioa becomes ;
E- H
Hy = Y, H, + Y Hg (45)
wlere .
H o= 7+-§-+-§2L+hT (46}
P
With a little algebra these equations can be solved to give
Yo (L (B F ey (D)) (a7)
U, - ( 3 LT, ! (AN ] :
where }
(1+ L £ ) £
- - o p,
U2 : Ul A (48)
(i + '-A—‘L‘)
From continuity of mass flow rate, the mean density is
L e
Py A (49}
< R P
?' (+ & 5-)
t

Tbe preesure change scross the mixing zoae is

g
=

R
Al
YRR CLE

- f
P1 Rj‘z [{H%} (l+ < -7,-'—-) 5
Aq

. A
(.h"l_;) ( 1+ T
‘4

P, =Py =P 4
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& 2.3.b. Normal Injection 3
F >
«1 For the problem of Sketch 4, the area i3 constant and there is no fuel *%
4‘ uiomentum in the streamwise direction, The solution is %
, . o 5
L Uz 1 i, /s A
% (FuFE R (51 :
‘ where 3
1 kS
- o
I ,ﬁs
B -— - ¥
; 2= U, i1+ - B (52) 2
Py §

and 3

4@

" = (1+ %) .
: P: P (53) g

. 2 1 ‘
(1+ t Ay :
x [« § pf ’ %
Equation 51 can also be written in terms of the known inputs and solved for g

turtulence irtensity g
VAR I N A 1 LRV R g
=:(3 [ )(H' Tird(reg p+ o)( )(A'I]) (54) 3

Uz (1+ —-) t %f
For the nermal jet there is always a pressure drop. ;%s

B % p + o0t {1 -'—)(f+-!—-ﬁ—)—:] {55) 3

r ~Fp 2P, + AU L14g a p, : 3

Note that the last term in this equation is constaat for a given fuel air ratio. %

2,3.c. Total Pressure Losses 3;;

In the high speed case the losses or gains of tetal pressure from fuel
inje.tion will have an important effect on the total performance of an engine.

It is, therefore, useful to examine the total pressure losses fur the simpler
incompressible case,

LR

2

O v BN R L

AR

seWh L1 g

The final period in which the energy decays witl Le mvestigated by a
simiiar analysis with the assumption that the {inai state will te {ree of
turpulence.
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:‘ Sketch 5. Control Volume for Turbulence Decay
{
According to Sketch 5 which represenis a constant arca section in which the
3 turbulence decays with no wall friction cr heat transfer, the equations are:
A
Incompressibility
: UgA =U, A (586)
k Momentum
hUy +F3A =iy + (Pt PrlA (57)
Energy (inciuding internsl en=rgy changes}
- -2 = -2
. e3+-ﬁ-+-—2——-ez+—?—+2+h7 (58)
- Solving Equations 56 and 57 for the static pressure, we find a pressure recovery:
Py: B, + P {59)
From Equaticn 53 the dissipation is found to be
e, 4 3 ]
: #, “e, + 5 RT; {60)
~ Equation 59 shows that i* i3 the sum of the mean static pressure ard the
turiniience pressure that should be considered the true hydrostatic normod stress
5 in & fluid.
§ For a real flow the processes are not discrete nor one~-dimensional, and
2
% production, convection, and dissipsiien of turbulent kinctic energy is a continuous
% process. ‘Tre above analysis is correct for staie 3, however, and is useful for
: comparing the performancs of resl systema,
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Let us now compare the concurrent and normal fuel injectors relative to
their abilities to produce turbulence and their associated pressure losses for a
giveu tuel-to-air ratio as the jet velocity is varied while Lolding the inlet air
conditions fixed. Pressure losses are taken to be the difference hetween the

inlet total pressure and the outlet static and dynamic pressure pius turbulence
pressure.

While these results are essentially only applicakle to incompressihle mixing,
they do also provide some insight to the problem of supersonic mixing since the
velocity ratio will be of the order of unity and thus density changes would be
small, It is interesting that the mixing generates turbulence in the same way as
a baffle by velocity difference squared. In this regard the normal jet is slightly
different in that the jet kinetic energy is not controlled this way amd it is eusier
to transform jet energy into turbulence.

These results indicate the presence of influences duz to geometry and
dynamic conditions, For the coaxial jet veloeity, ratios between 0.5 and 2
produce relatively liitle turbulence. The normal jet produces larger turbulence
iutensities with smaller variation as velocity ratio changes; however, no thrust
is produced by normal injection. There is another feature of the normal injector
that merits note, the total pressure loss is constant for a given fuel-to-air ratio;
that is, it is independent of turbulence intensity. Thus the designer cau conirol
mixing rate amd losses for this type of injection, X further points out that
losses are determined ultimately by the boundary conditions and not by
“turbulence." The turbulence is the intermediate state which is dependent on
the total dissipation necessary to arrive at the finai equilibrium state from the
initial conditions. Turbulence should be considered the mechanism of the
transition processes frcm an initial unmixed state to a final equilibriam state,
The anaiysis for these two cases will be extended to the case of supersonic
mixing by including compressibility effecis. This extension i8 necessary since
"flow work'' can indeed modify the results.

2.4 COMPRESSIBLE HOMOGENEQUS TURBULENCE

We will consider the ideal situaticn in which uo transformation of turbulent
kinetic energy into thermal snergy has taken place; further lel us assume an

16
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absence of molecular mixing or heat conduction which is consistent with the first
assunrption. These couditions represent the limiting case of an infinite Reynoids

Z numbar, I order to evaluate the irtegral equations of motion, we will have {o
specify the spectrum and scale of turbulence. However, it appears that ihis

reale is arhitrary as long as the turbulence is homogenesus and no gradients
exist. We will asaume that a definite scale for the "eddies" exisis and that the

turbulent welocity specirum of these is single valued at U, Consider the
.' followiny sketch of a set of cubical celle of length L' which represent the
. turbulent eddy flux.
-, ! e
B
v
ya Ay /. :/_IE —_
N - U
ojtitltjojriflaiof
t Sketch 6, Compressible Mixing Model
Some of those eddies sre fuel eddies and some are air 2ddies, For the i-th
fuel cell, the density is
; = - + ’
) Pe™ Pe ™ Py (61}
The velacity can be swritten
- - - -y -l
; Ui =+ uy + Ve, +Wiey (62)
t where by assumption
) 1 - s . ‘ - ¢
ol = Jvi ] =] wi |- €31

Similarly for air the deusity ana velocity are

: » ’ 64:
Paj = Pa + Poj (

- — « -l ‘,.. "o‘}
L‘} s {u +U3 ).‘ + \rj ct‘Fﬁi L 1Y {65}
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Now the total rumber of cells which cross the area L 2 per uvrit time are
= = —a;. f;
3 a v (66) :
where total number is the sum of air and fuel cells
n:ng +ny
- 3
From the known mixture ratio
Of :g
% op, L3 :
: L A (57) :
Ry T a
P ‘
?;l o
whkich can be reducec to
oLt fe (68)
n 8 5
a pf
The mass flux per unit area per unit time is $
PT =+ [Pl (69)
T
or considering the air and fuel cells separately yields
= 1 s = e e = /
PU = — ¥ f(P'+p.)(u+U; Mt — Y f(p tp MULU; )t (70) :
LI ‘ Ty, @2 )
o
Now we assume there is no correlation between ©‘and U’ then '
= - - M - _ "o f
PU = pU }; ho+p U ? t (71) :
Substituting for t, yields *
= =~ ofl!  — ee j
PU = P U £ +p, U 9 _ (72)
U U

Neow in order to eliminate ng and .. the following relations are used
> ngl/ L /eqg (73)
A ) I+ ng /ng E
= 12 :
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= £
a3
£
= &

which can be reduced to

I
ne L' o p
fU : t 5 (74)

1+ %—— —a
3 Pt
and s.milarly for the air eddies
ﬂo L’ i ( )
= — T —— 75
v t fa
e,

Upon substitution into Equation 72 the mass flux becomes
f —
: 1+ =) PoU
o, () (76)

t A
(144 2)

The stream thrust can be treated in a similar manner. 7The expression fir

stream thrust is

eE s '!:1,J_yr‘ I T R T it

F=(PUT) A+ PA (77)
= where
Considering the flux of eddies, Equation 78 can be written

o~ R :
(PO 2 f (Py+ Py T +U (T + U] 1t |
iz .
R ;
! t e ;
ptp. +U, ! ‘
z fr’( o Py YO U T+ 0t (79) |
whici: becomes a :
L Ty - — fy —_t 2 :
: (PUU )= P U™ 3 4 40 3 U 1,
: i i=! :
: P u? 2 = 2 (80}
: *PUT X P U
s Bt j=t H
£ 19 -
_ o L ﬁ
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Now since U;z = y'? this equation reduces tc
(PO )=, U* at +p, UL
+p, U 2 + P, v le (&)

Now Equation 81 becomes by substitution of Equations 74 and 75

- _ - ¢
== P u+-—-) u'z(H---)
(Puu)=—————.ﬁ—-u+ i F“ 82)
H,..L. I Y .!.. -9
( a Pf / (l+ a Pf)

The stream thrust Equation (77) becomes

Fez (P +Pr)A +m U (83)

Again the turbulerce contributes to the stream thrust., Finally the energy flux
will be obtained by the same method.

The energy equation cequires au average enthalpy flux

-l ! =
PUH ”T'fr PUH dt (84)

where

U u‘a+v’2+w'a
H=h~.h+%—+uu'+~ 5 ~ (85)

Substituting Equation 85 into Equation 84 and separating the air eddies from the
fuel eddies yields

i
= i
(PUMY = {f(p%-pf )(u+u)(n,+n,,+” +uu+2u 2y ae
il

<+

-

3 -2
j>_:‘ f “” +y; "“ﬂ“‘o!*‘"“!’Ul)i«{-zlJ'z)dt {86)
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This equation hecomes

where suinmations of the following form are assumed zero:

AR Y X AP N A AN
2‘11: 2:11 zp)il "“Pﬂii

’ 4 - ’ -

Agein substituting from Equations 74 and 75 yields

where

Summarizing the equaticns for the compressible case, we arrive at

Comtinuity

Momentum

(67)

{88)

(83}

{¢C)

{21)

{92’

{93}
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3 Energy
: ~2
hap ¥4 B FUFTUZ AT 420 = H, (94)
Noadissipative flow y
;‘ Ez 7002 ¢ —z ;fz %
{ __;.:.=( ;o‘ ) ?';:(-.;_:-) (95}

2.5 SOLUTION OF THE COMPRESSIBLE EQUATIONS OF MOTION FOR
COAXIAL AND NORMAL INJECTION

We will consider gasecus injection for the coaxial and nermal fuel injector.
Then let us further assume the fuel is a diatonic gas. Thus

Yo 2 7¢ L4 (96)

We further assume that the fuel is injected at the same static pressure as the

air without creating shock waves

P,?

"

R (97)

Lot us introduce the following nondimensional variables

ol

pe A= {98)
Fe
1
~ I
U: o (99}
U
-~ [2
P _'"P, (100}
- A
Ag = z‘f‘ (ion
“~ . F .
F > P' A' \i02)

-

{103)

"

X
1=

=i |

(104}
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Then the equations become for a unit mass flow of air

Ll ~-—'— “~
W)U P77 =3, (105)

Fa+u+daF -00 (407 <F (106) i

U+ m) Yy - -
— 15 4,00 04500 )- 8 =0 (o7

f
(l“l"?)

If we introduce a new variable,
x' =P £108)

We can reduce Equations 102, 103, and (104) to a single equation in X

12 1C
12 X {-A‘o X i—i\s X

S

+A, =0 (109)

where

E
>
2
4
13
3

(1+7) 8, -1
g == (=5 =) (110)
f
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Fp = B +(Rg-1) (14+y M) (17)
¢ Mg Yoy !
6 = 9 P4 — PO Wil {i18)
2 A [ ° ('”if Tol)] u+7',-)
-1
p o=
2 ot
me =2 [( Poy ! 9,-'];'—_7 )
and
" Pog Tog n
F] Y Pol To! ? e 1Y €

are considered given,

Typical conditions for mixing in a supersonic combustor would be

—Pﬂ- 0.5
o
£ .q13s
lo'
f .
- £ 0.03
M, = 4.0

These conditions apply to a hypothetical engine flying at M = 8.0 at an altitude
of 100, 000 feet with a regeneratively cosled combustor.

These conditions result in a velocity ratio
XY
Ug

Comparing this result with that obtained for incompressible flow (see Figure 2},
we find a significaunt effect of compressibility which reduces the amount of energy
transformed into turbulence. However, it appears that there is still a sufficient
supoly of energy for turbulent mixing to predominate over molecular diffusion,
This reduction in the maximum energy of turbulence can be one reason to expilain

the observed slower mixing rates in compressihle flows,

A A 4 A 1

oS Mo A B L B s 4o

bubisat, it AT

a5 0 W03 0N, L B

et 2SN

LA L 0

A o A AL B B

e 0 208 o o v

AL b 3 e S e

b n et



W gy

faw

T
o R e )

e AR R IR S R I S S s

AFAPL-TR-71-18

P
The effect of the parameters Ml’ -?Oi, and -% are shown in the Figure 3.
P 01
The effects of M1 and —I;Qi are minor. Thus we find tbat—ﬁ.g- is the most
01 a
important dynamic parameter for the compressible case; however, it is
controlled by the temperature and molecular weight of the fuel entering the
combustor. Thus we find it is important tc simulate correctly the fuel total
temperatures in combustor development work with boilerplate engine hardware
in order to obtain the correct mixing rates and heat release rates which may

interact with each other,
2.6 FROZEN FLOW

It is of fundamental interest tv calculate the thrust loss in a supersarnic nozzle
due to a frozen pattern of turbulence, We will assume that the gases mix ona
melecular scale so that thermal equilibrium prevails »ut let the turbulence
kinetic energy be irozen, Further we will assume that this molecular miviag
takes place in a constan area section; heat is added dowastream and then
expanded in the nozzle. The prucess is depicted in the f~llowing sketch.

1 —t
e ] | ——— Fy
—— — .d-' /~\.—.‘\ \1\/
1\\{{‘
| |
Combustion 3 Nozzle ¢

Sketch 7. Control Volume for Turbulent Combistion and Expansion

The energy equation can be written as

S i
Hozh+hpt — (120)
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Since for a perfect gas y = 1,4, this equation can be reduced to

= Y-
=T (e e o Ty (21

Let us define an effective total temperature

l
TOT =T — ~ Tr {122)
or
T - r-1 .2 o
Top = T (i+-55—w%) (123)
I€ the gas is hrought to rest isentropically while the turbulent motion remains
the same, we have
L
= .= y—1 7 -
Por = P (1+ 5wt ( 124

To simplify the formuiation of the prublem, let us assume that the properties

W ha b Bl yign dan oo bt DR ot ol T ; Lyl . 3
A T T %7%&%%&%@%%&&%Wﬂ,!.Mﬂ.éﬁwﬁnZMMM!MWMMMM&MW% A L ap ae

> of the comt.stion products mu i lation 3 do not differ from those of air. Then
:; conservation of miass and momentum yield tae following equations for Mach E:
nt.mber at station 3 E
4 Y-l 2 f t /. P
2 My (14 2 M (""T)(T°1'3)2 g
(.0 e : Y Ve (125) :
- = 2 2 L T
E G5 (I+——2——M3)+ yMZ) 2 (+) g
1 s 3
3 ‘where 3
F T :
- Py = 2 (14 =L (e L M) 4y u2)” 126 5
5 3 A, ( T°T3 ( 2 3) YWy ) (126) %
and 3
AQ 5
s ! .
g Yoy = (To, + cp)/(“—{,—) (127)

Now there is also no loss of generality in assuming that the expansion is
isentropic when the turhulence is frozen. The equation for Me is
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(7+1) VZ
N TALR 1 2
w, (1 + L2 u?) 20 (g ) (o) (128
e e “p 1
2 For Ae {.I_)/z
3 *R
Now since the stream thrust is
_" - Tr y-1 2 2 .
Fo = Py (14 T (14 > Me) +y Mg ) A, (129)
- 3

x!
Ta= == 2
I Y Y YL ¢ %Y
Igp * T \/'5'—6_ Ty 130)

: This analysis allows us to compare "equilibrium" performance and "frozen"
performance. Frozen expansion losses are depicted in Figure 4, When the
3 results are plotted in this manner, there is no difference between coaxial aad
normal injection. A small effect was observed when heat was added; the‘
results presented ore for the limiting case of constant total temperature,

These losses seem small enough for the large turbulence temperatures
involved. First, the turbulence pressure contributes to the stream thrust and
contributes to the flow work in the nozzle; second, alarge part of this energy
is unavailable in any case since it will generate entropy when dissipated, In
fact, the total pressure decreases when the turbulence is relaxed in the constant
area process. These performance losses are nearly one order of magnitude
smaller than presented in Reference 1. Thus this fundamental :imitation to
performance of supersonic combustion ramiets is not as severely restrictive
as previously thought,

2,7 RELATIVE PERFORMANCE

Finally, let us compare the effects of “uel injection mode en Merfermance
of the engine when the air and fuel initial conditions are identical e:cept ior
geometry. For the coaxial mode the fuel momentum contributes directly to tae
engine thrust, The normal jet contribuies no momentum and the air must

TSRO S

3
¥

B T N IR L Tk

1
%
i
%

o S A S P B s I A L BV B et A e St b A e S o s B s B O T B B A A T B A S S R A P P T 2 e ey TN e A S, X

¥



el d ik T A ey . o
’mmm@d&wmwmg%m ‘?\@“‘ﬁ'f-}ﬁm T g

A ey vrwzers mr e - S g
EE s s S R R A T o ol

]

i

;

AFAPL-TR-71-18

trausfer momentum to the fuel streain; this behuvisr results in an overall Mach
i number reduction and total pressure loss. However, th2 heat additioa losses
will be reduced at this higher pressure but lower Mach number condition. A
larger expansion ratio is also availatle from the combustor to nozzle exii since
there is ne area change in the mixing region as in the coaxial mode. The

RS A M A At e S I i o NS Dt

: relative effects depend on the fuel total temperature, total pressure, and

molecular weight.

' Results presented in Figures 5 and 6 show tnat very large mixing losses

oceur for the nocmal jet as compared to the coaxial jet. However, total

” pressure losses with heat addition are comparable and the loss of engine ;
1 performance is small,

™
b

2,8 SUMMARY OF DESIGN CONSIDEXATIONS

Goiky
*

gy
W

This analysis comparing the characteristics of supersonic mixing has
yielded the following resuits which are important design considerations.

A
e
Y

1, Fuel injection mode is the biggest single factor affecting turbulence
intensity, normal jets produce much more turhulent energy than coaxial jets.

¥
k=3
kS
o
&
-

Thus normal jets should have faster mixing rates.

2. Normal jsis produce nearly constant turbulence intensity for a given
fuel-air ratio indoperdent of other initial conditions while the energy produced
by cvaxial jets varizs widely with jet velocity ratio. Thus noemal jets showd
have miore consiant mixing lengths as tlight speed varies.

3. Frozen turhalence performance iosses are not large but do {ncrease
with flight speed. Thus large turbulence intensities can be generated to
achieve rapid mixing at all but extreme hypersonic speed.

B VNoz-ma! jets do noi preduce large performance losses compared with
coaxial mixing; however, a constant arez burnev will choke at a lower flignt
speed when normal injection is used. Thus coaxial jets may be very

2 WA Stay b 3 L gt At 4 5 . .
o B R S RN A A N s ST PR At st AR SO U e AL DM S et e

sdvuntagecus for 1ow {light velocity.

% is cercluded that normal jet fuel injection that maximizes turbulence
intensity should be developed in order to wpinimize avd stabilize mixing length,
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SECTION HI
TURBULENT FIELD EQUATIONS FOR COAXIAL MIXING

3.1 COMPRESSIBLE MIXING

In the mixing field, turbulence is produced and dissipated continuocusly.
There is a stroug coupling between the mean flow and turbulence., The mean
fiow determines the scele of turbulence. The scale and the mean profile
determine both the rate of production and the dissipation rate of the turbulent
kianetic enorgy. The coupling is complets gince this turbulence intensity
directly determines the mean velocity field tkrough the Reynolds stresses. In
the approach that follows a unigue relation betweet turbulence intensity
(turbulent kinetic energy) and "eddy" viscosity is assumed to exist. Further a
unique relstion between the intensity and scale of turbulence and the dissipation

rate is also assumed to exist,

In this regard the turimlence must be fully developed such that an equilibrium
spectrum functiun exists or nearly exists., Thus these assumptions and
formulation which follow are valid for this "equilibrium” turbulent fiow field,
Thus the questicn of intermittency is raised, No direct account ¢f intermittency
is taken in the present formulztion since, where intermittency is large, the
turbulent transport is small and the overall effect on the flow field is small,

Bear tcansfer, diffusion, and momentum transpor: are all assumed to be
similar., It is furtoer assumed that tne esdy viscosity, Prandtl number
relstion, ete., tound in any turbulent flow will be valid tn all turbulent flows as

long as the above restrictions ave true,

3.2 TURBULINT STRESS TENSOR

The Reynolds strasses ar= definec by the following expression

?.f x = {PUNT {134

|
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which for cyliovirical coordinates kas the following components;

Top == (PUY U7 (132)
Tep 1T W= T, *trom dynomic" (133}
T,p =AW = 1g, “squilibrium” (134)
Tg, -PVYW =xg (135)
T =—W (136)
Ty, =-m {137)

Let ue intrduce the eddy viscosity so that wa can write the turbulent
streszss as the sun of a normai "hydrostatic' part and & shear stressz

®

" ode
Ty == Pr I + uq detU {138)

where
Ky * Pe 139)

such that € is a kinemetic eddy viscosity.

The expression for turbulence pressure is

- 2
pg- i 'S'K {14 0)
where
l -
4 =5 (r"-i-res +ru)/P {141

is the turbulent kinetic energy.

R et e

*The deiormation tensor defl 1s formed from the ¥ operater: defl = §U + (VU
wherz (YU 1s transpose of (VUL
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Lol

Then the components can be written as;

r,, = 2P[-F + ¢ %—?- ] (142) ?
09 * 273["-!(3- + e(—,'-%%—+§-)] 1143} 3
T2z 7 2;["% toe '5'?—"] (144)
T, P (%-,E-+ 3? ) (145)
T,9 = Pe (rf—(i)ﬁ- -g:g-) (146)
g, = P (g*%%) (1a7) E

It can be argued that the eddy viscosity should be a function of both the mean
flow scale and the turbulence intensity, Obviously the eddy sizes are much
larger in ocean currents than in laboratory fiows and thus the cross velocity
products should be correlated for much longer periods of time, while, if the
turbulence intensity vanishes, the cross correlatiors aiso vanish, It will be

Wt Syl

L e A

necessary to det~ . mine this relationship experimentally,

3.3 DYNAMIC EQUATIONS FOR MEAR MOTION

The differential equations for the time meau flow are well known, e

ATIYN

present them here without derivation in cylindrical coordinates {or flow with
azial symmeiry in the usual heundary layer approximation,

Continuity :
i1 0 - é — j
-;-a—r-(r PU)%--a—;éPWi:O {148) 3

Diffusion

- oY
[r PO, +ep ’—a;—'-; {149)
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where
(pur' Y/
€y *© ] (150)
p___...
ar
Radial Momeuntum
F+ (pwy =8, (151)
Streamwise Momentum
18, w8 == 3R 1 9 (. _ OW
e (r PU w“dz (pW W)= .5_z_+7.')_'("/“"u’f)2‘7) (152)
where we have assumed
Pr=tPUYU =(pwW) W 153
Total Enthalpy
L9 SomeLpwin. LA
73 (TPUHM o= (PW H) = - —= {r« - ]
L__é_ - o in
+ 5 3 (r Zi,F'h'DI '—-—-a' )
1 9 ¢ s o == i ¢ o=
+ -a—'\rU {r +r))+7-'3;-('u T’)
—-,'--‘—3-( (pu)’n’)——‘;( r{pu) K’ ) {i54)
or
where
(PUYN' = Cp (PU'T + T mFUTY, (158)
i

With the definitions of the turbulent diffusion coefficients for heat awd mass
transfer, we obtain

c— -

T == oT - - %
(PUY K = —PCp e = — Pep ‘2 N 3o (158}

= ATHAAT T a ke
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Also the total enthalpy is defined as hefore as
- - w2
H = h + hT + > {157)
where
.5
he =3 K {158)
Finally we introduce the term
E _ tPuYk! 56
. ‘x * T=3K {159)
. ar
’ Let us now define the effective transport coefficients
e Pe = Bt Pe 160)
Re= &+ PgCp {161)
Dg = Dj +¢p (162}
In terms of these coefficients, the energy equation can be written as
L Bom el e i, oF
F o3 (r PURY 45— (PW H) = o ~( ke ar)
i 3 = Y
+——— (¢ ¥ i
F or (' s P Dq dr )
W
L2(ue 52 )
r Or Fe or i
9‘ ;
) i 0 - 3K 3
: . +- -;-( fPE€ 3, ) (i63) é
: 3
f Further let us introduce the effective Schmidt, Lewis, and Prandtl numbers: ;‘§
S5, @ bt (154} i
£ # De i
: P Tp Oe (165) E
¢ be * Ke ;
f“ pe
T u
-3 p d E
::?; Pe = "'""i;';"‘ (166)
5 :
5{, 2
5 33
4 3
£
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et

Then the energy equation can be written as:

;
L8 e LW L [ (hey o) 5
" gr dz r g- Pe ! dr j :
1) LSS S LA
r Or P e i 'or 5
H
2 M
Lod e ow/2
+ 2 dr['(Pr)(P' n— ] 3
ﬁ‘:
t 0 ¢ ;HFe3 S Ohy
+— —r (=2 — 1) —~ (167)
r ar [ Py )\5 €7 ) ar ] %
Turbulent Energy Field 3
The turbulent kinctic energy equatioa becomes 3
3
L8 Lm0 4w k) s p (QEY_p OW
'Or(r’DUK)+ a‘__(PWK)— }I-T(a,) PTe i
L3 [ 7. oK
+-r-—é;-(r1°ek ’é‘r-')

vhere

d =d+ UV p

k3
3
:
£
3
£
|
3
%
3
&
2
3
3
:

The terms are explained as follows:

PR PPy TS

d dissipation of turbulent kinetic energy

U.V P’ acoustic ~oupling; this term is assumed to be 2 small loss unless
an futeraction with a sound source is introduced. Such effects
have been observed and can be large,

PRI YO PN

XN DYPIMNTY

An assumption has been made reguarding the role of viscosity on the

[FPTRE PRI

generation of turbulence. We bave assumed that this action on turbulence is

o tes edanr

purely dissipative. Thus the viscous production term in the evquation is replaced
by the turbulence dissipation raie

3 V-V, =-a (168}

» and in the total enthalpy equation the turbxlent viscous woik becomes !
4 V-8 Fao0
k- 34 :
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The arguments for this assumption are discusged bolow. g
% i Dissipation .

- 3
S 2

E The dissipation of turbulent kinetic energy ‘n isotropic incompressible §

e ]

E f turbuience kas been shown io obey the aw (Reference 8), §

- s 3

3 — y 3
4 L e e ? oo {7 E

dy 7 F 3 {170) <
, where 5

LD = the dissipation scale which is approximately equal to the integral scale

(or scale of large "eddles'}

“ This law determined by dimensicnal reasoning and verified by experiment czn be

: explained by existence of an equilibrium turbulence velceity distribution function,

& The dissipation occurs at the smallest scale while the etergy of the smaliest

scale is directly related through the distrivution function to the large scale

eddies which contain most of the energy. This dynamic equilibrium determiued

- by the energy transfer process from one scgle to another is essentially viscosity

3 independent since the energy flows from large scale to small scale and is finally

terminated by viscous dissipation into heat at the end of this process. Since

data are available for incompressible flow only, the dependence of dissiypation
on tathulence intensity will be determined experimentally.

4

.

R N b o)
St iEled i

Static Enthalpy

- The equation for ststic enthalpy is somowhiat simpler to use for soluticns by
nurmerical integration and can be written

L T TR

E ¢ — 0% o= Oh__ — aF

PUY o 4 PW e W + ¢

dr dz -} ¢

: i3 HPe= 27

; g o {r == C
= 'Or('F;"r)
5§ =
- - i 0 Fe oo Yy
. to (v TH -
- '&(Sc;'r’ (a7
£ ¢

g
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where
2
. dk I - 1 QW )

¢ \3r

e {17z}

The form of these equaticns makes them applicable to laminar as well as
turbulent flows when K-=~0, Since the boundary layer equations are parabolic,
we must specify the pressure gradient in order to obtain a solution.

3.4 TRANSFORMATION OF EQUATIUONS

The equations will be sclved in the Von Mises plsne by using the

transformation
Z s 2
Y, = PWr ur3)
Wb, = — AU (174)

The equations of conservation then become

Mementum
IW 1 oe 1 @ ow
—— R —— B s e,
2" Wz ty “’(a N') (175}
Mean flow energy
aw__ 1 9P i 8 ,Cpo ot
9z » dz W &w( Pr aw)
i 0 sa - 4aY; de
o Y b — ) — 5
Turbulence energy
LI S .Lj_("_;‘k JKy
9z I3 Voy' He 3¢
+ & gwWw .t Py JW
w(aw) ow @2 {1773
36
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giffusion
Y { /] a OY
el ov il G-y (178)
LY v ¥ (Sc aw)
where
PW ¢
G = phy T (179)

3.5 KUMERICAL TREATMENT OF DIFFERENTIAL EQUATIONS

¥ n-! n n+d

I~ — -t m<+1!
A .
Ay i

I m-|

—AZ je—

'xetch 8,  Definition of Differences

This finite difference “ormulation for the solution of the turbulent equations of
motion is a minor moification of the work of Edelman and Fortune (Reference 9).
The definition of the f nite difi>rence analogues, for any variable ¢ of the
differential operators in the equations of motion are defined according to Sketch 8,
as follows, The diffi:reace between this formulation and that of Edelman is the
inclusion of L vovia.ion of the eddy viscosity across the mixing layer in
Equation 182, The i'rst derivative in the Z direction is

) ﬁi’_)

8% ‘ntiym :{¢n+i,m-¢n'm VAZ {180j
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The first derivative in the y direction is

_ad%).,.m ; (¢n,m+| = Pn.m—1 M zay (181)

The second derivative in the § direction is

0 9nm
631 (o 7)%') : AY? (¢n,m+l—2¢n,m +¢n,m-l)

nm

!
+ 4AW‘ (¢n,m+l-¢n,m—! )(°n,m+l "%, m-I ! (182}

in difference form the Equations 175 and 176 becoine

Momentum

On,m
Wnii,m “Wom t Ay? Ae? o mbi 2W, o +W, o 1 AZ

Az
+ QA‘#z(“n m+1~%a,m-1Wn mit ~Wo m-1 )

_ bz on,
(P, o 0Z "pn4y

(183)

Turbulent kinetic energy

: K - {L) A2

L pw nom

AZ o
+ 4A‘p2 :‘;‘ nm%l rl'\"l)z

AZ ,epe
+¢A4«*( p:) (K"l mtl 2K n,m n,m-l)

nm
AZ ape ape
"mpA\,bz [( Fvek )n,mf'( k) m-l] ("n,mﬂ ”“n,m-i)

2K

3

anl,m n,m

W’).,',.., (“’nﬂ, m ’“’n,m) (184)
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Diffusion
AZ ;0
Y =Y, —_ . OV, .
|ﬂ+',m ln'm Wsz ( sc )n'm(v|n'm+‘ 2Y|n’m +Y'n’m_:)
3 Y3 yayr [( c) mH (Sc)n - n](Y‘n.mH Yin,m-1) (185) :
= £
The static enthalpy equation writtea in terms of static temperature becomes 1;
Tott,m * nm+{( It p + dk) Az :
= ’ n,m pw n,m g
: Az ,Cpo \ z
2 + — (T =27y o +Tn m- S
yAy? ( Pr )n'm( n,m+l < 'a,m T 'n,m-i) g
= i1 AZ 1(Cps 3
- ta 3 ( ] < 2
4 vay [ n,m+| ( ) ,m=! ( Ta m = m- I) E
1 Az ‘gf
= \psz 2( sc‘\:a m(Y‘n mél Y‘n m"l) (T” m¥ - -"‘"')]}/ %’
RPy :
Cp — (186) =
( P P, ),,. m %
where %
| ap dPa Pr %
— 2y g.._... 4
@, ( 92 )n-H dz )nﬂ Pn m A n,m ( )( dZ)nH m §
2/ (9 (187) §
= *3 U(?”-)n,m}‘: m; ( aZ; )M»l, m 5
, 3.6 EQUATICNS OF MOTION ON THE AXIS %
‘ These equations have a singuiar point on the axis as r —~0 or Yy —0 and é
their limiting form must be investigated. This limiting form is also useful for %
: evaluating experimental data to deduce or determine inversely the turbulent %
transport coefficients. §
1 Streamwise momentum §
: — W y E
3 W CL 22, 9 ‘: - Ofe (188) 3
3 0z or dz b
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Static enthalpy
= - a"’ — d—
2z de+ W
PN ° ¢ a1
Be— T
+ 2—Cp —r
DA FY
Pe v5 &N
+2— h —y— {189}
Se ? ' 9r
Turbulence '
= —_ 2 :
- wk - g 42
Y, K Pe "z {190)
Diffusion i
- 3% Pe Y
3 22— —¥ (19t)
3 i dz S¢ dr
The equations in the Von Mises Plane are:
AW &AW . 1 dpe
- 3z~ Te 7 F = a7
% 1 0P , 9 .  Cope FT :'
z 2z - Faz Thw iR oyt
b He -~ a%y
+2— h, T {122)
¢ .2 -
oK di - K
—_—  ~-= +2p¢, 7 193
Y &V
2, g £ T 0 (194)
9z Sc oy
Finally the difference equations ar..
Momentam
w W + .i.,:‘_‘;.A_z (W -w )}._éi_(.i‘i_ (195) :
PHETRET ag® e T Tpw, b oz e
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Eaer_g!_

P IRVO SRR ETY. R

d. H
h . = h + mctmas | ctm— s AZ %
Nt 1 L pw)n.;

Az [ 4€ ,:
*7;472[(—""‘—2 Moo (oa=To ) +-g2 B8 T Mgt ¥, )] (190)

Turbulence Xinetic énergy

. di
ntr * Ko 82 (55),., (197)

Diffusion

Y. :y, + Aiﬁ{-‘—f—( ) (198)
Wty 'n,i AY© s Yi 22 ‘nl
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3.7 THE INVERSE TRANSFORMATION

< 4 v

The physical coondinates (r,z) can be foum! by the equations:

z =2 £199)

I 7 v 2y oW
([T 2

ade e FS o b AFAA S b By i

" {200)
- Equation 200 expressed in difference form can be written
'i, 2 wﬂﬁl VZ ;’
b 4 =iy \ $
23 ndi,m [ ntt,mer T Ay ( :] (200 :
.' * ' (Pw,n,.,“m {PWln,}" me- ;
3
: 3.8 SUKMARY OF THEORETICAL CONSIDZEATIONS :
3 3
’ In Section I it was shown that turbulence has an equation of atate :
A Py=p RY (zo2)
- and that associated with this turbulent state were the state functions of turbulent 3
'.; energy avul turbuwlent enthalpy. Ia the presemt sectios, it was assumed that the
transport properiies of the surbuient flow are ulso functions of the turhulent state.
‘i Thus, it i{s sssumed that an eddy viscosity exists; that is, that eddy viscosity is 2
3 functionally related to the equation of statc. This ussumption implies that an 3
. 1 }
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equilibrium turbulent velocity spectrum exis!s such that shear produces only a
minor departure from this equilibrium structure,

The dissipation info thermal energy {or turbulent shear fiow must alsc be
ralated t¢ the turbulent state under these assumptions. Thus, the experimental
determination of the relations between eddy viscosity and turbulent energy ond
between energy dissipation and turbulent encrgy are required to veriy the
preseunt theoretical model,
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SECTION IV

DESCRIPTION OF EXPERIMENTS

L DU o 5 2
e o NI Pk ARSI AR T

4.1 SUPERSONIC FREE JET

The objective of these experiments was to obtain basic data or mixing rates,
dissipation, and turbilence intensity in a compressible flow, The jet Mach
number and tota! temperature were varied independently by use of interchangealile
nozzles fitted to 2 hydrogen fueled burner. The total temperature was restricted
to 15000R in order that the combustion producis would not deviate appreciably
from calerically nerfect air.

4.1.a., Nozzles

The nozzle internal contours were computed by the method of characteristica
fora Y = 1.4. The nominal design Mach sumbers of 1.0, 1.5, 2.0, and 2.5
were chosen based on limitations of the available air supply. The nozzle axit
diameters were all equal to 0.1 foot. Exit Mach number profiles are shown in
Figure 7a through 7d. Typical total temperature profiles at the nozzle exit are
shown in Figure 8a threugh 8d,

4,1.D. Instrumentation

The free jet combustor was instrumented for pressure and temperature.
The jet was probed for impact pressure, static pressure, ard total temperature.
Consolidated Electrodynamics Corporation pressure transducers with bridge
halancing netwarks were used to measure pressure for temperalure measure~
ments. Iron constantan thermocouples were used with Brown Instrument
veriical scale potentiometers and 8 room-temperature reference junction,
Probe position was determined by calibrated voltage drops from hattery~powered
variable resistors mounted on the probe pesitioning cart. All cata were
recorded on magnetic tape with a digital data aequisition system SRL-200 scanning
at a2 rate of 260 channels/ second. Schlieren photographs were taken with a
spark light source of §.2-microsecond time constant. Total pressure and
temperature surveys of the jot were obtained with a combination prote showa
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in Figure 9a, This probe was not explicitly compensated for radiation or
conductior losses, Various size thermocouple wires were tested until
temperature readings at identical conditions did not change. A 5-mil thermo-~
couple wire was found {o give good results. Radiation compensaticn was
provided for by surrounding the thermocouple with a low conductivity material
(LAVA) which minimized the radiationlosses from the thermocouple. Probe
bleed was maximized to previde as rapid a response to changing conditions wiile
not degrading the total pressure measurement. A simple impact probe was used
to verify the pressure measurement. Temperature measurements were also
made with a conical recovery temperature probe, developed at the Maval Crduance
Lahoratory, White Oak, Maryland (Figure 9b). These measurements were in
agreemewt witd those made with the combination probe (Figure 10).

Static pressure surveys were made with the probe shown in Figure 9c.
Three static taps were positioned 120° apart at the same axial location, It was
hoped this spacing would allow the true static pressure to be measured
uninfuenced by the crose flows induced by the turbulent velocity fluctuations,

4.1.c. Procedare

Jet operating conditions were estabilshed and allowed tc stabilize as near

the design operatiag conditions for the nozzle as possible, Then radial impact

ressure and tctal temperature surveys were made at three axial positions
followed by a centerline survey of impact pressure and total pressare. Next,
the static pressure probe was positioned on the jet centerline and a centerline
survey of static pressure was recorded. Since the data system was of the
analog tc digitat converter design which takes essentially instantaneous readings,
10 scans were taken at each position so that most of the neise could be averaged

out of the pressure measuremems.

4.1.d. Accuracy of the Measurements

Pressure transducers used to measure total pressure were rated at 1/2%
of full scale accuracy and were changed, to give the largest possible voltage
reading, for each Mach number nozzle, Thus good accuracy was obtained ncar
the early part of the jet decay but it decreased as the decay increased. The

%
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static pregsure transducer had a 0-25 PSIA rangc a2nd the accuracy should hove
teen constant in the whole flow field, No attempt was made to determine any
probe effects on tae accuracy of the static pressure probe otker than tc introduce
small amounts of defiection in the proble and compare resuits from different
experiments. No trends were observed that could not be attributed to run
variation in jet conditions. Another suwurce of error was that of bridge
unbalance which had various causes. This error had the effect of shifting the
calibration a constznt amount over the entire range. This effect was corrected
by taking @ reading with no flow and comparing it with the 1 atmosyhere
calibration values for each transducer,

As an overall system check, mass flows were computed from measured
chambers conditions and were compared with iniegraded radial profile surveys
taken at the nozzle exit. The results are shown in Figure 11. Ths agreement
18 good; the maximum deviation being abuvut 15%. Shown in Figure 12 is \he
comparison of integrated with calculated exit stream momentum; the agreement
is again quite good with the maximum deviation being about 6%. Integrated
excess enthalpy and stream thrust from various experiments at downstream
stations are shown in Figures 12 and 14. ‘These integrais are theoretically
constants of motien; however, some nsticeable deviations from constancy are
seen. The large deviations are believed to be caused by the reduced accuraey
of the probe position measurement ut large distances from the ceuteriin~ where
the signals are low but make significant contributions to the integrated values,

4.2 COAXIAL SUPERSONIC MIXING

The objective of these experiments was to determine the structure of the
mixing fled, A hot {ilm anemometer was used to determine the extent of the
turbulence field. Helium was injected coaxially from a Mach 4 conical nozzle
into a Mach 3 air aiream. ‘The gas iujection nozzle was attached {0 » kali-inchk
diameter steel tubing which extended through the facility nozzle into the test
section. The long length of the stesl tubing gave rise to a thick turbulent
boundary layer on the outside of the tubing, Since it wzs impossible to remove
the boundary layer, its effect on mixing was not determined axperimectally,
The wind tunnel had a {ree jei test section and 2 Mach 3 nozzle of rectanguiar
¢cross section, 4 in. x 7 in. The usable test section Jepgth was about 12 {n,
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Mixing of the gas of this jet with the surrounding air was found {0 be extremely
slow, The jet was operated so that the jet exit pressure was equal to the air

static pressure.

4.2.2. Instrumentation

Instrumentation for this experiment consisted of pressure transducers amd
thermovouples to measure upstream reservoir pressure and temperature of both
air and helium. Impact pressure, staiic pressure. and output of a conical hot
filn. anemometer probe were also measured. The hot {ilm probe was used to
make RMS measurements of the turbulent fluctuations. The anemometer used
was a Thermo Systems Inc, Model 1050, This system had approximately a
200, 000-Hertz frequency response which deperded upon the operating temperature
of the sensor., The RMS voltage was measured by a Hewlett Packard true RMS
voltmeter. Autocorrelations of the fluctuating hot wire signal were made with a
Honeywell Correlator Model 2410, Probe positioning was accomplished by a
precision X-Y tahie controlied by 2 SloSyn digital stepping motor and indexer.
All data except the autocorrelations wvere recorded on a Hewlett Packard Model

2412B Data System.

4.2.h.  Procedure

Inpact pressure, concentration, and static pressure were measured on the
jet centerline. The jet decay was found to extend beyond the usefud test section
of the free jet wind tunnel. At au axial location of 10 jet diameters, radial
profiles of impact pressure and cencentration were measurzad. Turbulence
RMS measurements and autocorrelations were obtained at the same locations in
the radial direction with the conical hot film sensor. It was noticed that there
was a coupling hetween the test cabin neise aad the signal from hot film
anemometer. Whenever the test cabin produced howling or screeching tones,
the hot film output increased hy a large amount. To overcome this difficulty a
constant ares. nozzle extension was fabricated to provide a shield f4r the mixing
region against noise emitted by the test cabin. lter this muditication the radial

data at -I-Z)—- = 10 were determined once more.
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4,2.c. Accuracy

The data sigrals were recorded at a low level without a signal conditioning,
No amplifiers or bridge halances were uaed to keep errors introduced by these
devices out of the measuremerts. Pressure transducers were rated at 0.10%
full scale combined nonlinearity and hysteresis. The gas analyzer was found
to be within 1% accurate as determined by repeated calibrations. The accuracy
of the Hewlett Packard true RMS voltmeter was found to be within 1.2% by
calibration with a precision signal generator. Accuracy of the hot film
anemomete: to indicate the random turbulent signals i conjunction with the
Honeywell correlator could not be determined. However, sieady state
calibrations were reproducible within e few percent. Probe po.itioning was
calibrated and found to be accurate to within ., 001 inch in 6 inches.

4.3 NORMAL JET PENETRATION AND MIXING

The objective of this experiment was to examine the performance of an
injector ¢'2signed to maximize turbulence. The injector was a Mach 4 contoured
aczzle of the same exit area as the coaxial injector. This Mach number vas
chosen to maximize iet velocity at reasonable jet total pressure. The exit was
rectanguiar with a ratio of widtk to height of 10, with the narrow edge facing the
stream. This injector was tested iz 2 Mach 2.5 and 3. ¢ sir stream to determine
the Mach number effects on penetration, Concentration measurements were
taxen in the Mach 3,0 stream only.

4,3.3 Procedure

Initial penetration experiments were made with the iniector mounted on a
flat plate. Penetration was determined from Schlieren pictures at Mach 3.0 and
2.5. Then the injector was mounted on the same nozzle extension that was used
in the coaxial test. The flow field at gez‘ = 10 was mapped using impact
probes and gas analyzer, Downstream variaticn of the peak helium concentration

was then determined.
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SECTION V

EXPERIMENTAL RESULTS

5.1 STRUCTURE OF FREE JET
5.1.a, Velocity Profiles

The Rayleigh Pitot formula was used te detcrmine the local Mach number
from measured pitot pressure and the barometric pressure. From the
measured total temperature, the static temperature and speed of sound were
determined and then the velocity caicvlated from the product of Mach number
times speed of sound, For subsonic flow the Mach number was determined

from the isentropic total pressure relation,

The absclute centerline velocity profile for Mach numbers 0.8, 3.4, 2.0,
and 2.5 are shown in Figure 13. The similarity of the radial profiles is showa
in Pigure 16, These data show no effect of totsl temperature or Mach number.
Also plotted is the exponential or Gaussian profile which seems to fit the data
very well., Measured velocity half widths are shown in Figure 17 for flows with
constant total enthalpy. Half widths for flows with excess total euthalpy are
shown in Figure 18,

In summary we can state that Mach sumber and toial temperature influenced
the mixing rate on the basis of the centerline velocity graph and the haif widths;

however, the similarity profile scems to be unaffected.

5.1.b, Total Temperature

The decay of the taal temperature s shown in Figure 19.  Examination of
this figure shows that the total temperature profiles do not exhibit a potantial
care of constant total temperature near the jet nozzle. Tke decay is continuous
from the combustion chamber and shows that turbulence is not relaxed in the
supersonic Gozzle. The decay rate then increases as the shear generated
turbulence reaches the centerline. The simalarity rofile of excess total
enthalpy is shown in Figure 20. These profiles taken downstream in the
similarity region can also be {itted by a Gaussian profile but with different
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temperature half radius. The enthalpy half radius used to generate the

similarity profile is shown in Figure 21, These figures reveal the strong

effcet of Mach number as increasing Mach number reduced the mixing rate.
8.1.c. Static Pressure Defect

The most striking observation of these experiments was the existence of a
static pressure defect of censiderable magnitude for each experimeut (Figure 22).
Again, we can see the strong effects of Mzach number., While no absolute
accuracy can be given for these data since no method was available to perform
a check on this probe, internal consistency from one experiment to the next is
evident, These data were reduced to turbulence normal sgtress through
Equation 151, Section IIl. Assuming isotropy on the axis, these data were
converted to turbulence kinetic energy K. These data are shown in Figure 23.

The turbulence energy appears to be expressible as a function of the jet velocity
rether than thc Mach rumber.,

5.1.d. Eddy Viscosity and Prandtl Number

The dynamic viscosity for the compressible jet was detern:ined from the

velocity decay, similarity racdial profile, and velocity half width through the
formula

2 oW
P "/2 (-5;—)
4 bz {203}

BT*

which can be derived from Equation 188 for Gaussian profiles, Data were
obtained on the centerline from Mach numbers 0.2 to 1.7 for both the heated and

unheated jets. Incompressible {reejet data were obtained from Arseyeva

(Reference 10) and treated the same way. These results are shown in Figure 24

and are scen to correlate very well with the radial turbulence pressure.
in the figure is a line drawn through tbe data having the slope 1/2,

Shown
The appurent

trend of the data deviates froia this line for the higher intensity. This trend is

attributed to compressibility effects beginning with the data points correspounding
to M = 0.2 and above.

S g a5

FLGLIC RN IO S AT

Kalhiir.

Wby M T




R,

[RRLAY S g vk

it O P g

v
hi'4

&
o

2.
3

x

ha A PR WA BUAT AT SR ¢

AR RA ALY N WA

SR BT s e B, s £ Mmoo e e

AFAPL-TR=-71~18

According t© Figure 24 the incompressible eddy viscosity is well represented
by the Prandtl formula

€ = U Lomix (204)

where £ roix is some fraction of the local velocity half radius axd that the
compressible viscosity is lower by an amount which is Mach number dependent,

Prandtl numbers were calculated by the formula

— e
] (%) (W’— Cy (To-Tg) -z-'!% j

a1 (205)
- de)

2
'
[

dh [ dPT
d!*'(w Jdz

pW
which was derived from Equation 189 for Gaussian profiles. l.arge scatter was
found in all the experiments with heated jets, probahly as a result of the lack of
conservation of excess enthalpy 2s noted in Figure 14. The data from the
constant total enthalpy runs were cousistent and Prandtl mumbers ranged from 0.73

to 0,80,

5.1.€. Dissipation

Dissipation of turbulent kinetic energy was determined from the formula
~— , 8K
d = =p¥W (57) (206)

which results {rom Equation 190 for negligible diffusion on the centerline,

These data are shown in Figure 25, which reveals decay law is of the form of
Squation 170. The algsipation length seale is very nearly equal to the velocity
half radius, This scale is comparable with the resulis of isotropic incom-~
pressible turbulence for which the dissipation scale i5 of the order of the
integral iateral scale of turbulence, Considerably more scatter was obtained
from these data although mest experiments did exhibit individually the 3/ 2 power
dspendence, the open squares are irom experiment 5 and show this dependence
quite weli. No Mach number dependency was observed in these data although
the large scatter of the data makes this result inconclusive.
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5.2 COAXIAL MIXING
5.2.a Pitot Pressures and Static Pressure

Pitot pressure and static pressure radial profiles for one haif the mixing
region are shown in Figure 26 at a downstream distance Z/ Dj = 10. The pitot
pressure shows a maximum at r/ I)j = 0,2 and then gees into a trough out to
r/ Dj = 1.6. This trough is a result of the initial boundary layer which still
remains. The static pressure profile shows the existence of an expansion wave
in the jet core which results from the shock expansion system of the coniccl
nozzle used as the fuel injector. The initial boundary layer is nearly 1.1 times
the jet exit diameter waich is sufficient to drastically aiter the effective boundary
conditions for this problem.

5.2.b, Concentration

The concertration profile shown in Figure 27 is the average cf both sides
of the mixing profile, This profile shows that the jet spreading has moved less
than onc half jet diameter radially at a downstream distance of 10 jet diameters.

5.2.c. Velocity Profile

The pitot pressure, static pressure, and concentration profiles were
reduced to Mach number, Figure 28. The velocity was calculated from the
Mach number profiles by assuming that a constant total enthalpy profile existed,
Figure 29. The velocity profile shows the same extent of spreading as the
concentration profile, This figure, however, shows that a large part of the
velocity defect has been removed ia the boundary layer.

5.2.d. Turbulence

The Eulerian integral time scale was calculated from the autocorrelations.
The time scale givea by the integral to infinite time delay

Tg <[ Redr (207)
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was modified by terminating irtegration whea the correlation coefficient has
fallen to 0.05. These time scales exhibit a strong variation across the mixing

zcne and then seem to level off (Figure 31).

9.2.e. Scale of Turbulence

It is of fundamental importance in the present theory to determine the
variation of the scale of turbulence across the mixing zone. By using the
"Taylor Hypothesis" that turbulence is locked into the flow locally; we can
derive a longitudinal scale of turbulence from the formula

A:=wrg (208)

The results are shown in Figure 32. First, we see that the scale is of the
same order of magnitude as the jet diameter. Secondly, we find that the scaie
is constant in the mixing layer and that a separate scale ex sts in the houndary
layer. Thus, this flow contaius two turbulent shear layers, a new shear layer
due to mixing and an old sheer laver from the injector boundary layer.

5.3 NORMAL INJECTION
5.3.a. Optical Measurement Penetraton

Schiieran photographs of nurmal jet nenetration into the air stream witk
varying jet total pressure are shown in Figurcs 33 and 34 for free stream Mach
aumbers of 2.5 and 3.0. As can be seea by comparing these photographs with
the normal sonic jet, Figure 9, the complex barrel shock pattern does not
exist. Thus, we expect that more dissipation has occurred by turbulence than
in the normai sonic jet. Penetration was taken to the edge of the light zone
runniog nearly horizontal in the pictures., This definition corresponds to the
zero concentration point as determined by gas samples in the next section.
Penetration was compared to the empirical correlation formula of Povinelli and
Povinelli (Reference 11), The results are shown in Figure 35, The resuits
for the high shear injector are correlated very well by the equation

Yo 9¢ 035 , M, 004 X, 0.277
22.4 |— —— —_— 05
Desr \ 9, (M' ) (Dcff ) {209)
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which is Equation 6 from Reference 6 with the slope increased by 25%. This
equation was obtained by Povinelli using a regression analysis of experimental
data using the dimensionless groups determined by Vranos and Nolau (Reference
12). Since the structure of this jet is different, it is somewhat surprising that
thiz functional grouping works so well.

5.3.b. Concentration Measuren.ent

The concentration profile normal co the wall is shown in Figure 36, 10 jet
diameters downstream. This jet has the same mass flow rate as that in the
coaxial test. A very large increase in mixiag rate is observed. This profile
also verifies the definition of peunetration for the optical data. A correlation
of downstream decay of normal sonic jets was cobtained by Henry and presented
in Reference 7. Mass fractions were correlated with downstream distance
divided by the core length, Core length is defined to be the last downstream
station for which the peak concentration is 100%. From the Schlieren photographs
of the jet structure and the extrapolatior of concentration data back to the 100%
peint, it is concluded that the core length for this jet is equal to the half width of
the nozzle at the exit with distance measured from the jet centerline,

. Width of Jei Nozzie
Xg = 2 (210)

Downstream decay of peak mass fraction was then plotted in Figure 37 for a
comparison with the mixing rate of the sonic nermal injector. The experimental
data are represenied by the formuia

X -L2
% = = ) (2it)
0
where the sonic jets were correlated in Referewce 5 as
X, .~C.8
v = (%) (212)
o

These exponents show a much faster mixing rate, in fact larger, by the squsre.
It also appears that the mixing length is determined sclely by the size of the
injector and not Ly the dynamics; however, more data should be obtaired o
verify this conclusion. This result would be of great value in engine design.
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5.4 SUMMARY OF IMPORTANT EXPERIMENTAL RESULTS

This experimental work has several important results that apply directly to
hoth theoretical and practical design conclusions.

a. Large defects in mean static pressure are found in compressible
turhulent shear flows, This defect is interpreted to be a direct measurement of
the turbuleace pressure.

b. The experimental laws relating eddy viscosity and dissipation of
turtulent energy to the local turpulence energy and an appropriate scale can be
applied directly to the formulation of an improved theoretical modei of turbulent

shear flow,

c. The scale of turbulence appears to be coastant across the shear layer
even though eddy viscosity, dissipation, and turbulent energy vary across the
shear layer,

d. Turbulent energy canr be frozen in a supersonic nozzle aad thus cause

performance losses,

e. The normal fuel injector design tested con apparently give short constant
mixing lengths over a wide range of initial 2ir velocities, thus simplifying
combustor design.
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SECTION VI

PP e s

NUMERICAL RESULTS FOR FREE JETS

6.1 DESCRIPTION OF TURBULENCE PROGRAWM EMPIRICAL INPUT

The equations for axisymmetric mixing were coded for =olution sn an IBM
7094 computer. The purpose of this calculation was to show that a coupled set
of equations could adequately describe the turbulent shear flo'vs, Muny
empirical inputs are neadea since the detailed wurbuleat structure is unknown,
The following incompressible eddy viscosity formula was used:

B L O 1 o ) A el B L

L Vz
= D 12 .2
f0 - ‘6.5 ( 3 K) (28)
where
W, -W 1
Lp: —of W0 (py/% (214)
(-9¥)
dr ’ mox
and
. .3 P
K7 5 (21%) 3

G N R ¥

A counstant mixing length seems appropriate in view of the results for the
coaxial supersonic mixing length scales {Figure 32).

The dynamic viscosity was then calculated from the equation

By =P €, (218)

‘The effects of heat transfer and diffusion on turbuleut viscosity have heen
formulated by Corrsin ir Reference 13 hut were not applied in this study. The
large Mach nvmber effect was accovited for by the follow»¢ formulas;
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. and E
£ ~S— = {1+0.25M)° (05< M<®) (218) g
3 [+ 3

The first formula is derived from the definition of the Reynolds stress and the
assumption that the covariant density velocity fluctuations are isentropic whict
should be vaslid for low Mach numbess (Figure 38). The second formula was
obtained by fitling the snlution to the data of Eggers (Reference 14), as shown
in Figure 39. The dissipation functioa was calculated by the formula

2 \¥2
(zx)
Lo
Thus there must be a relation between the viscosity scale and the large scale

3 —
dy =2 P (219)

eddies, namely
Lp
Lmix * 6.8 (220)

A N ae A AR DSt a i U R Sk

This salue seems to be physically plausible. No compyressibility or transport

etfects were incorporated into the calculation of dissipation,

St bbb i)

TR
W F i

The mecasured value of Pranitl number Pr = 0,73 was used for the
calculations and the effective Lewis number was set equal to unity for intuitive
reasons, and then the Schmidt number became 0, 75 because of the relaticuship
between Schmidt number and Prandtl and Lewis rumbers. The diffusion of
turbulent kinetic energy is analogous to turbulent heat and mass transfer. A
Lewis number for turbwlence defined below was sét equal to 1,2 in the fical

calculations,

~
3

Ly = {221)

o [
d

6.2 SOLUTIONS FOR INCOMPRESSIBLE FLOW

The data of Laurence (Reference 15) were used as a comparison for the
low speed calculation. Thce lower curve in Figure 39 shows the comparison of
centerline velocity decay. The agrecement is excellent. This model has

correctly calculated the core length as well as the centerline decay in the
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transition and self~preserving regions. Figure 40 shows a comparison of
meastred and calculated turbulence intensity in the initial shear layer near the
end of the potential core at Z - 3.8. The agreement is good but two

D
discrepancies are noted. First, the peak inteusity is too low, This may be

due to the nonisoiropy of the shear flow, which is not accounted for by this
theory. The second discrepancy is the large difference in centerline turbulence
levsl between the calcuiated and measured values, The reason for this
discrepancy is not known, Perhaps it is due to the assumption regarding the

: purely dissipative role of viscosity which may not be valid at the edges of the

% rurbuient region, Some remarks in this regard may be found in Hinze

3 (Reference 16). It is interesting that the turbulznce intensity is larger at the
ontside edge of the shear layer than the mean velocity itself.

6.3 SOLUTIONS FOR COMPRESSIBLE FLOWS WITH CONSTANT
TOTAL TEMPERATURE

Comparison of the theoretical calculations with the free jet data for Mach
numbers of 0.8, 1.4, 2.0, 2.5 is shown in Figure 41, The agreement is
generally good except for the Mach 2.5 case frr which the decay rate is cver-
predicted in the trausition region even though the potential core length is
predicted closely. The reason for this deviation is not known, It is postulated,
however, thai this deviation may be due to the fact that the turkbulence terms
were not accounted for in the data reduction by Rayleigh's pitot formula, An
exaraination of the Mach 2.0 results also shows a similar deviation but smaller
when the turbulence pressure is significant,

6.4 FPLOW WITH EXCESS TOTAL ENTHALPY

The low speed jets, M = 0.8 and M = 1.4, have heat transfer in the same
direction as momentum transfer while the heat transfer in the high speed constant
total enthalpy cases was opposite to the mementum transfer. Thus these cases
should present a difficult test for the theoretical calculation. The results for
two cases are shown in Figures 42 and 43. Good agreement was obtained, For
these calculations the measured initial profiles were used as input. The
calsuwlation was performed with 14 input points on the proiile and the calculation

took less than two minutes, a run tdme characteristic of all these problems.
The calculations at M = 2,0 and M = 2.5 did not agree as well with the data
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(Figures 44 and 45). The data exhibit double structure with a centerline decay
that existed through the nozzle itself, These data show that turbulence is not
relaxed in the nvzzle so that indeed frozen turbulence losses can he expected in
supersonic propulsion nozzles. The present formulation of the mixing program
is for only one shear layer, although iu principle the flow can be divided into
different regions with different scales. Degpite these shortcomings it is felt
that the present formulation of the turbulence program is more useful and
consistent than previous turbulent calculations based on a velocity defect iaw for
eddy viscosity. These calculations are also useful for the problem of calculating
the noise generated by jets since turbulence intensity is a necessary input to
Lighthill's theory of noise from submerged jets (Reference 17). TLe final
Figure, 46, shows a comparison of computed and measured relative turbulence
intensities on the centerline for two differeut Mach aumbers, The agreement
is quite good although the theory is a little low consistent with the low results
obtained at the centeriine in Figure 39 for the low speed jet of Laurence.
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SECTION Vi
2 CONCLUSIONS
‘» The results of the theoretical and experimental study of supersonic mixing q
4 have led to the following c.uclusions. b
i i
4 1. Thrust losses due to freezing the turbulence kinetic energy of the 1
> co.nbustor can be apprecishle; however, these losses are not as large as ’
originally presented by Swithenbank in Reference 2 and do not constitute a j
f fundament<: rarformance Jimitation to the supersonic combustion ramjat as f
previously thought.
3 2. Mixing rate and peaetration of nermal jets can be increased by
S

; designing iniectors to make more energy available for turbulent dissipation as

was done in *hese experiments by eliminating the strong irternul shock s. ucture

and maximizing the ot veloc-ly. It is concluded that normal fuel injection offers j
the designer advantages of the shortest and most constant mixing lengths for & §
F: very small loss cf potential engine performance. ;§
% 3. The theoreticai model of turbulence based on the turbulent state concept ;
& should provide improved calculations, under widely different initial conditions, ‘
f over the previous theoretical models.
«
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APPENDIX A

TABLE OF EXPERIMENTAL CONDITIONS
FREE JET EXPERIMENTS

Evseriment No, M P T Comments

1 2.0 115 531 Calibration

Cpted PR e et

2 2.0 120 9%60 Calibration

o bt

3 2.0 113 558 Bad Pressure Data

gl g

9 2.5 | ===} - P.. Probe Failed
e 10 2.5 | 245 | 560

11 1.0 26 535 Only Static Pressure Measured

& 12 1.0 | 27 |1-2 Only Static Pressure Measured

s N A S g T A b e Al K1 e 00 Y N A T o D,

13 1.0 25 | 1440 Only Static Pressure Measured

14 1.0 24 | 1100

CTH DY 1R ) 6

F- i5 1.0 25 | 540

17 1.5 2 11050 I .ta Acquisition System
Malfuncticns
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